Abstract
Introduction
A clique is a complete subgraph of a graph [3] . The Maximum Clique Problem (MCP), which is a well-known combinatorial optimization problem, accomplishes unearthing the largest complete subgraph of a graph. Finding the maximum clique in a graph is known to be NP-complete [3] . Again, finding the set of all the maximal cliques from a graph is a computationally intractable problem. In networks, depicting relations between the objects, this problem maps to finding the largest group of similar objects. Eventually, in many real-life networks, e.g., the world wide web (WWW), social networks, ecological networks, protein interaction networks, a group of objects may be functionally associated but they might not be fully connected. Mapping such problems into an MCP and finding cliques there, thus, no more remains valid for identifying significant dense modules. To present an effective approach to this motivation, a relaxed version of the MCP has been proposed in literature. This problem, which is described as the maximum quasi-clique problem (MQP) [9] , concerns the discovery of the largest constrained association of vertices in a graph. The constrained association of vertices referred to here is bounded by a threshold of minimum degree value for every vertex within the group. This is henceforth said to be the parameter γ in this literature.
A quasi-clique is an almost clique in a graph [9] . In a quasi-clique, every vertex satisfies a minimum degree value with respect to the other vertices within the quasi-clique.
Thus, the maximum quasi-clique problem is computationally harder than the MCP. The constraint of minimum degree support in a quasi-clique is represented with a parameter γ. So, formally it is termed as a γ-quasi-clique. The decision version and the counting version of the MQP is known to be NP-complete [6] . This paper describes a heuristic graph-theoretic approach to solve the maximum quasi-clique problem. The baseline study of this paper deals with the identification of large quasi-cliques from the human proteinprotein interaction network.
Protein-protein interaction networks (PPINs) encompass significant biological information at the lower level of activity between protein pairs [5] . Mining such networks provides an important direction towards the study of biological pathways, protein complexes, and protein function [8] . A better understanding of higher-order organization of proteins into overlapping complexes is an important step towards unveiling functional and evolutionary mechanisms behind biological networks. Most of the cellular processes are carried out by multi-protein complexes, groups of proteins that bind together to perform a specific task. So, analyzing such networks for exploring significant modules from the protein interactome is a very relevant research area in computational biology. The exhaustive set of protein-protein interactions obtainable between all the proteins of an organism is said to be the interactome [7] . With a count of proteins in the order of 10 5 of an organism like Homo Sapiens, we have an interactome size as low as 0.0002% of the complete possible set. Thus, we have a large scale-free and sparse network for further study. The current work is motivated from the exploration of this special kind of networks using heuristic approach.
The proposed method has been applied on a large PPIN configured from the interaction descriptions taken from the up-to-date Human Protein Reference Database (HPRD) [12] . The results are very promising in finding the approximate largest quasi-clique from this network. We have identified a significant module of 15 proteins of which 14 are cofunctional and, most importantly, the other one (STAT5B) is a transcription factor (TF) for most of them. So, this might be regulating the functionality of the complete protein module. Additionally, the result has been validated using rigorous biological analysis.
The rest of the paper is organized as follows. Section 2 introduces the precursory details and formulates the problem and Section 3 reviews the state-of-the-art knowledge in the related field. Section 4 describes the proposed heuristic mining algorithm. Section 5 reports the empirical analysis incorporating a detailed biological validation. Section 6 concludes the paper.
Maximum Quasi-clique Problem
The main problem is introduced in this section beginning with basic definitions and preliminaries. The term graph (or equivalently a network here), will hereafter signify undirected labeled simple graphs (or networks) and |S| will denote the cardinality of a set S. The other notations are customary, unless specified otherwise.
A graph G = (V, E) is defined as a set of vertices V and edges E that connects these vertices. This paper explores protein-protein interaction networks (PPINs) for the search of quasi-cliques. Therefore we reform the problem based on the PPINs. A PPIN is defined by a doublet N = (P, I), where P denotes the set of proteins {p 1 , p 2 , . . . , p |P | } and
denotes the set of interactions. So, the set P is equivalent to V and so as I to E. Frequently, a PPIN is generalized using a triplet representation N = (P, I, W ), where W : I → R + 0 is a weight function mapping each interaction to a positive real value. This weights are used to rank the significance of the interactions between protein pairs [5] . A PPIN is called weighted or unweighted (sometimes termed as binary) depending on the inclusion or exclusion of the weight function W . A binary PPIN will be studied throughout this paper.
Suppose, a PPIN is provided based on a fixed set of proteins. The problem addressed in this paper deals with the search for the largest protein-protein interaction module. First, the problem is given formally accompanying the necessary precursory details. Then, the proposed method of mining is presented in the later sections. graph is a complete graph, whereas a 1-quasi-clique is a clique. The order of a quasi-clique is said to the number of vertices it includes.
Definition 2.1 (γ-quasi-complete graph):
Having introduced the required preliminaries, the formal statement of the problem that will be addressed in this paper, is now given follows.
Problem Statement(MQP)
Given a protein-protein interaction network N = (P, I) and the parameter γ, locate a γ-quasi-clique, N = (P , I ) (N ⊆ N ), that has the maximum cardinality and
Follow that, for γ = 1, MQP simply reduces to MCP, which implies that the addressed relaxed version (MQP) is at least as hard as MCP. A relative study of the existing methods for solving this problem has been described in the following section.
Previous Works
Very few studies exist in the literature on the exploration of large quasi-cliques from graphs, even though its hard version of finding the cliques is a widely exercised problem [3] . The first significant work in this direction was conceived to find quasi-complete subgraphs from a graph for classifying molecular sequences [9] . The definition of γ-quasi-complete subgraphs (or γ-quasi-cliques) employed in this study is similar to what has been adopted here. This paper describes a kind of greedy approximation algorithm without stating any approximation factor. The complexity of the algorithm is O(n 3 ), n being the order of the graph [9] . But, instead of finding the complete set of quasi-cliques in the graph, it proposes an approximation algorithm to cover all the vertices in a graph with a minimum number of quasi-cliques. Later, a related important study presented a greedy randomized adaptive search procedure (GRASP) for finding the set of large quasi-cliques (for a given γ) in very large graphs (having number of vertices in the order of 10 5 ) [1] . In this work, a λ-quasi-clique has been defined as a subgraph induced by the subset of vertices V such that the number of edges it contains is at least λ.
|V |
2 . Therefore, this definition of a quasi-clique differs from what has been addressed here. However, both of these earlier works neither find the complete set of quasi-cliques, nor address how to mine the largest quasi-clique. In a later work, an efficient mining algorithm (Crochet) has been proposed to find the complete set of quasi-cliques [10] . The time complexity of this algorithm linearly grows with the number of quasicliques present in the graph [10] . A recent development to this work proposes an improved version of the Crochet algorithm, Crochet + , with a similar goal [6] . Both of these studies are motivated from joint mining of different types of networks for exploring quasi-cliques (e.g., gene-gene interaction network and protein-protein interaction network). But, the limitation of these approaches in finding the maximum quasi-clique is that one has to sort the complete set of maximal quasi-cliques for getting the optimized solution.
In a recent work, a (γ, λ)-quasi-clique has been defined that associates two separate parameters γ and λ [4] . It defines a subgraph induced by the vertex subset V as a quasi-clique if the minimum degree value of all the vertices within V is at least γ.(|V | − 1) and the number of edges it contains is at least λ.
2 . In fact, if γ ≥ λ it is worthless to associate λ with the definition of a quasiclique. The reason is that satisfying the threshold γ will then automatically satisfy the threshold λ. Here, we propose a heuristic algorithm to find the largest quasi-clique in large scale-free networks that are sparse. We use protein-protein interaction networks that are both sparse and scale-free. Thus, our motivation is of novelty in the perspective of computational biology. The proposed method is inspired by a dynamic local search algorithm (DLS-MC) used for finding the maximum clique [11] .
Proposed Method
We describe the proposed method and formally present the algorithm in this section. The proposed methodology is a conjunction of a pruning subroutine followed by a heuristic algorithm. The justification behind the pruning phase is guided by the following lemma. This lemma brings in a significant intuition of neglecting those vertices which do not have a chance to be included in the quasi-clique. As because a quasi-clique of order less that 3 is not significant in the perspective of our motivation, the vertices (corresponding to the proteins) having degree values 0 or 1 can be directly removed from the network when considering γ > 0.5. In this way we can prune many vertices from the network given γ and the required minimum order of the quasi-clique. Now, we discuss the basic algorithm in the following text.
The basic heuristic method that can locate the largest quasi-clique in a PPIN is given as Algorithm 1. It basically follows a shrink and expand subroutine to remove and attach the proteins to yield the targeted quasi-clique.
Algorithm 1 A method to find out the largest quasi-clique from a protein-protein interaction network Input: A PPIN N = (P, I) and the parameter γ. Output: The largest quasi-cliqueÑ with respect to γ. Algorithmic Steps:
while Number of iterations is not sufficient do 3: if Γ(Ñ ) < γ then 4: Select a minimum degree protein p i by breaking the tie using arbitrary selection 5: Remove the protein p i and all the interactions connected to it fromÑ 6: else 7: Identify the set of proteins P which have the maximum connectivity with the proteins inÑ and its degree is supported by Lemma 4.1 8: Select a protein p i from the set P by breaking the tie using arbitrary selection 9: Attach the protein p i and all the interactions provided between p i and the current networkÑ to expand the networkÑ 10: end if 11: end while
The algorithm starts with the given PPIN and heuristically shrinks and expands it to figure out the largest quasi-clique. Here, we define a function Γ(N = (P, I)) for a PPIN N = (P, I) as Γ(N ) =
that computes the minimum degree of participation within a quasi-clique. On failing to satisfy the constraint of γ the solution quasiclique shrinks (steps 4 and 5). Again, on satisfying the same constraint it begins to grow inspired by some heuristics (steps 7-9). Both the shrink and grow subroutines are guided by the number of interactions the proteins currently possess. The algorithm probabilistically selects one of the minimum degree proteins to shrink and one of the maximum degree proteins to grow. In this way it settles down to the final quasi-clique satisfying the given γ value.
The space complexity of this algorithm is O(n 2 ), when n is the number of proteins. Certainly, the worst case time complexity of this algorithm is O(n 2 ).
Empirical Analysis
In this study we have used the protein-protein interaction data of Homo Sapiens from the collection of HPRD [12] . Protein interaction information is downloaded from an earlier version of HPRD that reports 37,107 interactions between 25,661 human proteins. The clustering coefficient [13] of this network is ∼ 1.13E − 4. So, the network is prominently a sparse one. To visualize the degree distribution in this network we have plotted the probability distribution of selecting the vertices against their degree values. Scale-free degree distribution is observed in the protein-protein interaction network employed in this study [2] . This is shown in Fig. 2 .
The proposed method is implemented as a C program compatible with gcc compiler in the LINUX platform. All the simulations have been performed on an HP xw8400 Workstation with Dual Core 3.0 GHz Intel Xeon processors, 4 MB Cache memory and having 2 GB primary memory. Initially we have pruned the network to remove lower connectivity proteins. After the pruning phase, a total of 5648 proteins remained with 35021 interactions within them. The algorithm is iterated for 10,000 times on this pruned PPIN. The method has been applied to locate the maximum quasi-cliques (functionally associated proteins) from this PPIN considering the value of the parameter γ = 0.7. The size of the largest quasi-clique was found to be 15. The biological activities of these proteins are listed in Table 1 . On examining the molecular class, molecular function and biological process of these proteins we found a significant coherence. These details are listed for every protein in the second column of Table 1 , respectively. In fact the biological processes of most of these proteins are significantly same, although these activities are very common to many of the proteins. But on examining the molecular function, we found most of these proteins are associated with the kinase activity that is not so common. Again, some protein sets (e.g., Grb2, CRK and alpha) are related with very specific functions like receptor signaling complex scaffold activity. Some are also related with protein tyrosine activities. These are evidently significant findings.
Most importantly, from the identified significant module of 15 proteins, of which 14 are co-functional, one protein (STAT5B) is identified as a TF. The complete module is shown in Fig. 3 and the TF is separated from rest of the proteins. This TF might be the regulatory protein of the complete protein module. Thus the information like TF regulation can also be explored by such analysis. This shows promise for the efficient mining of biological networks.
Conclusion
This paper introduces a heuristic approach of mining the largest quasi-clique from very large and sparse scalefree networks. Theoretically, the method is not able to establish an approximation factor of the derived result. One major problem using this approach is getting stuck into the local minima. The method can be improved by adaptive heuristics to produce efficient mining results. However, the work is novel in its application in computational biology. On applying the method on a large PPIN, we have identified significant module of co-functional proteins. Additionally, the module explores a TF within this module that might regulate the combined function of the rest of the protein set. Such studies are of significance because the PPINs are growing day by day incorporating more information. Applying such methods to more robust networks derived by the integration of data from multiple sources might be biologically more significant [5] . This explored information from PPINs might assist the rational drug design by targeting significant hub proteins in the network. Transcription factor activity Regulation of nucleobase, nucleoside, nucleotide and nucleic acid metabolism Table 1 . Biological involvement of the proteins found in the largest quasi-clique for γ = 0.7.
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